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1 Introduction 


In this note, we will describe a way to generate formulas for the circle number 7 by using 
positive definite kernels on the natural numbers as an example. 
Motivation: Let a = cos(a),b = cos(),c = cos(y) where a, 3,7 are the angles in a 
triangle. Then by 
a+B+ y= 


and using cos(x + y) = cos(x) cos(y) — sin(a) sin(y), sin(acos(a) = V1 — «2? we find that 
the a, b,c are points on the surface: 


a? +62 +c? + 2abe—-1=0 


which is the Cayley’s nodal cubic surface. 

Since every three point metric space can be isometrically emdedded in R?, we can 
build the possibly to a line degenerated triangle from these three points: 

Using the law of cosines to define angles, given distances, we find that the quantities: 


a:= d(y, zy vv d(y, om 7 d(x, z)? 
2d(y, z)d(x, y) 
— d(y, z)? a, d(z, x)? ZZ d(x, y)? 

2d(y, z)d(z, x) , 

ro d(x, z)? + d(y, x)? — d(y, z)* 


2d(x, z)d(x, y) 


satisfy by what was given above the following equation: 


a +P +e 42abe—1=0 
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hence are points on the Cayley’s nodal cubic surface. 
For instance for the metric on natural numbers , where o is the sum of divisors function, 


= Va(z) — 2a(ged(x, y)) 


and for three pairwise distinct primes p,q,r we get the following nice formula: 


7 = acos( z ) + acos( 
(pt+r)(q+r) (p+a)(qa+r) 
+ acos( i ) 


(p+r)(p+4q) 
Setting 


r q Pp 


’ b= ,c= 
(p+r)(q+r) (p+aq)(q+7r) (p+r)(p+4q) 
we see that those are points on the Cayley nodal cubic surface. 
Let 0< a<y< _z. Then we have: 


2 2 2 
x x y 
We] + TT 1 
7 = arccos 
2 2 
x | x | 
2\/-S+1/-54+1 
2 2 2 
oe oe 
+ arccos 
2 wy yay 
y2 i ze T 
ge 2 _ ¥ 
a 
+ arccos 


ea 


Here are some formulas I derived using the technique above, which I find amusing: 


1 5 13 
™ = arccos (3 vsv3) + arccos (= vsv2) + arccos (3 v3v2) 


foiteles (x vivs) + arcoos (25 viv) + Pes (= vv3) 


108 
75 41 3 
™ = arccos (=) + arccos (= vi) + arccos (3 vi) 


1 61 
Vitv5) + arccos (55 vit) + arccos & 


500 200 


us) 


T = arccos (= 


1008 


1 61 85 
7 = arccos (5 V13V i1) + arccos (a Vv 13v6) + arccos ( Vv i1v6) 
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1379 vi5v") + arccos 


7 = arccos (= V15V'13 i3) + arccos (35 


1024 11 


(ss 
jaceates (4 {Virvi5) eee (a vitv2) dias a vib?) 


8 
7 = arccos (ss 5 Visvi7) + arccos (Gavi vis) + arccos (san vir) 


1080 


1 
7 = arccos (x V21V i9) + arccos (F 1000 


5 V2ivi0) + oe & vi5vi0) 


The proof is based on noticing that every 3 point metric space can be embedded in 
R? as a triangle and then using trigonometry. 
The metric space I am considering is a Hilbert space: 


k(x, y) = 


with metric: 


d(x, y) = 2(1 — k(z,y)) 
For three points x,y, z in a metric space, we can define (using the law of cosines) the 
following quantity: 
d(x, y)? aR d(y, aa _ d(x, ag 
2d(x, y)d(y, 2) 
Then we can embedd X x X x X to the Cayleys surface through the mapping: 


S35 2).= 


f(z, y,z) = (s(2, y, Z), 8(z, 2, y), 8(y, 2, £)) 
We then have: 


m™ = arccos(s(z, y, z)) + arccos(s(z, x, y)) + arccos(s(y, Zz, x)) 


which proves the claim. 
Some formulas generated this way are: 


7 lo) 2k (4 Vi3v5)"* ‘fs (2 7) ale be (25 Visv5v2)"*** 
r=2 (7) 4k (2k + 1) 


ioe) 2k+1 2k+1 2k+1 
r=25 G) (—afhos VISLV53V2) "+ (ios V538V5V2) "+ (ais VI8IV5) 
4k(2k + 1) 
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map [Sey 2k+1 Ll soe\2k+1 1781 . /qqza\2k+1 
. s 2k (— 36050 113 85) ae (ioo10 85) a (zoo10 113) 
k 4k(2k + 1) 


(i) eS ae V85v/65y2) tt aad Grad V85v'13) tt aa Cat V65v/13V2) es 
4k(2k + 1) 


love) 2k+1 2k+1 2k+1 
oho (28) (erates V49V85) + (a5555 VBBVIT V2) + (35339 VI49V'17V2) 
ae AF(Qk +1) 


2k+1 2k+1 2k+1 
a5 @s sry VIB) + (Soe VIB) + (cast VBVT8) 
k=0 


_ k 4* (2k +1) 
2k+1 | (1161 2k+1 | (ss 2k+1 
n= 2: ¥ 2k\ (= sims V41) + (ga75 V17v2) + (83, V41V17V2) 
ao 4k(2k + 1) 
2k+1 3781 2k+1 925 2k+1 
t= 25> 2k\ (=z V181V13) + (003 VI7V13V2) + (sas V181V17V2) 
aa 4k (2k +1) 
oo 320 V113 2k+1 697 V113V65V2 2k+1 3069 Vids Ve5V2 Qk4+1 
= 25> (28) Casi VEBVTIB) + (soi ye (i ) 
aa ioe 4*(2k + 1) 
5 qz\2kt1 2 2k+1 7AT5 2k+1 
—_ 25> 2k (—s35003 113 41) ae (z38063 149v 113) aly i Vv 149/41) 
: eo 4*(2k + 1) 
: susary VIS1V65 V2)" ' + (sBosnty VI49V65V2)"""! + (sieges VIBIV 149)" 
T= 2S > 2k\ (= 3505970 V181V65v2) + (3505970 2) + (7755085 ) 
ee 42k + 1) 
2k+1 2k+1 24769 2k+1 
2.58 (28) Calin VIBTV BY + (fy VIB)" + (GH VIBTVT) 
Teg 42k 1) 


k=0 4k (2k + 1) 
7 lo) ok a ae + Ee JiBVv3)"" "a Ee JBV3)"" 
a) aE (2k + 1) 
= ioe) ok es Tye) fe (eae 213) 40 (2 Ja19)** 
r=2-5-(7) Bens 
893 (28) (car VIBV TY + Ge VBV7)" + GQ) 
~ (s) 4k(2k +1) 
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7) ae ee + Gh VBI 7) + (Bh v2TV IB) 


4k(2k + 1) 


7 oOo = : J2ivi3) "+ (as 21/13) + (aye 
r=2-5 (2) 2 Gh 1) : 


k=0 
rea (PS By VIBV7) + (28 V7V3) + (i VIB) 
oak 4k (2k + 1) 
2g lee) (- a VOT = es Vi9Vv7) + Gar 
- SG) 4 (2k + 1) 
pn (8) CAAT + VV + a vv 
= k 4k (2k + 1) 
_ gS (28) (Re V2IV IB) + (Se, VI9VIB) + (Bs V2IVI9) 
vn see 45(2k + 1) 


Collection of similarities and positive definite kernels over the 
natural numbers 


Let k = s be a positive definite symmetric function and a simililarity over the natural 
numbers such that k(a,a) = 1, k(ac, bc) = k(a, b) for all natural numbers a, b,c. 

A similarity s : X x X — R is defined in the Encyclopedia of Distances as: 

1) s(z,y) > OVaz,yE X 

2) s(x, y) = s(y,x)Vz,y © X 

3) s(z,y) < s(x, x)Va,0 € X 

A) sla) = 3(f,2) > a Sy 

For example k(a,b) = a) or k(a,b) = goaltasb)! and other examples are given 
below: 

For each natural number n let X, be a finite subset of the natural numbers, such that 
Xn = Xm n =m. Such subsets are given for example through: 


Xp = {(d,t): dln,0<i<d-1} 
with |X;| = o(n) and Xn Xm = Xgca(m,n): Another subsets are given by: 
Xq:= {k/all <k <a} 
with |Xq| =a, XaN Xp = X ged(a,b)- 


e 62,9) Ska) = Pe =a Jaccard similarity 
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sgi(a, b) = se = Simpson similarity 

spp(a,b) = er = Braun,Blanquet similarity 
sjz(a,b) = Ee = Jaccard similarity 

sg(a,b) = eee = Sorensen similarity 

Sc¢s( G50): = ged(a,b)” = Squared Cosine similarity 

k(a,b) = ee = a Braun,Blanquet similarity 
k(a,b) = aaah = a Braun,Blanquet similarity 
k(a,b) = oe = a Sorensen similarity 

k(a,b) = eel = a squared Cosine similarity 

k(a,b) = ae ten = an overlap / Simpson similarity 


